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We extend a well-known formula for sums of products of two Bernoulli numbers
to that of Carlitz’s q-Bernoulli numbers. Recently Dilcher (J. Number Theory 60
(1996), 2341) generalized the formula for sums of products of any number of
Bernoulli numbers, but it is not easy to prove the generalized formula for
q-Bernoulli numbers. In this paper we give a q-formula in the case of two
q-Bernoulli numbers.  1999 Academic Press
1. INTRODUCTION
Let
F=
1
et&1
and G=Ft,
then G is the generating function of Bernoulli numbers Bn (n0), i.e.,
G= :

n=0
Bn
tn
n!
.
The derivative G$ of G is equal to F&G&FG, so we have
G2=G&(G+G$) t. (1)
This equation is equivalent to a classical well-known formula
(B+B)n=Bn&n(Bn&1+Bn) for n1, (2)
where we use the usual convention about replacing Bi by Bi (i0).
Because of Bi=0 for odd i3, the above formula can be written as
(B+B)n=&(n&1) Bn for even n4.
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We shall extend (1) to the generating function Gq of Carlitz’s q-Bernoulli
numbers ;n , where
Gq= :

n=0
;n
tn
n!
(3)
and, for q # C( |q|<1), q-Bernoulli numbers ;n(n0) are defined as follows
;0=1 q(q;+1)n&;n={10
for n=1,
for n>1.
Then the following holds (see Theorem 1) as a q-analogue of (1)
Gq V .(Gq)=Gq&(Gq+q G$q) V .(t),
where V and . are defined in Definitions 1 and 2 below respectively. By
comparing the coefficient of tnn! in the above equation, for n1 we have
(;+; +(q&1) ;; )n=;n&n(;n&1+q;n)&(q&1)(n+1)(;n+q;n+1),
where, for each n0, we put ; n=;n+(q&1) ;n+1 (see Corollary 1). This
is a q-analogue of (2).
2. PRELIMINARIES
In this section we explain a method to construct a q-analogue of power
series introduced in [2] and [3]. Firstly we define a new product V on
C[[t]].
Definition 1. For any A and B # C[[t]] which have an and bn # C as
coefficients of tnn! respectively, we define the V-product of A and B by
A V B= :

n=0
(a+b+(q&1) ab)n
tn
n!
. (4)
Remark 1. This definition is equivalent to [2, Definition 5].
Proof. We denote the nth derivative of A by A(n) and m(m&1) } } }
(m&n+1) by (m)n . Then we have
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:

n=0
A(n)B(n)(q&1)n
tn
n!
= :

n=0
:

i=0
ai
(i)n
i!
t i&n :

j=0
b j
( j)n
j!
t j&n(q&1)n
tn
n!
= :

n=0
:

i=0
:

j=0 \
i
n+
1
i!( j&n)!
(q&1)n aibj t i+ j&n
= :

k=0
tk
k!
:
k
i=0 \
k
i+ a i :
i
n=0 \
i
n+ (q&1)n bk+n&i ,
where we put i+ j&n=k,
= :

k=0
tk
k!
(a+b+(q&1) ab)k. K
Remark 2. In expansion of the right side of (4), an and bn mean anb0
and a0bn respectively.
Then the V-product satisfies commutative law and associative law (see
[2, Lemmas 9 and 10]). For any x # C, [x; q] denotes
qx&1
q&1
.
The following lemma is the most significant property of the V-product (see
[2, Proposition 1]).
Lemma 1. For any a and b # C we have
e[a; q] t V e[b; q] t=e[a+b; q] t.
Next we define an operator . on C[[t]] as follows.
Definition 2.
.=1id+(q&1)
d
dt
.
This operator . is closely connected with the V-product (see [2, Lemma 8]).
Lemma 2. For any A and B # C[[t]] we have
.(A V B)=.(A) V .(B).
By the definition of the V-product the following holds.
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Lemma 3. For any n0 we have
A V tn=.n(A) tn.
Finally we define another operator which we call the q-operator in this
paper (see [2, Definitions 6, 7, and 8]). Let
R={ :

n=0
anX n | an # C and :

n=0
an qn is absolutely convergent=.
Definition 3. We define the q-operator from R[t] to C[[t]] as
follows
.R[t] C[[t]] C[[t]]
tmXn [ t V } } } V t
(m times)
V e[n; q] t [ .(t) V } } } V .(t)
(m times)
V qne[n; q] t.
Note that the first embedding is extended C-linearly to R[t] and if
n=0 an X
n # R, then n=0 an q
ne[n; q] t is analytic in a neighborhood of 0.
Hereafter, for A # R[t], Aq denotes the image of A under the q-operator.
Remark 3. If we set et=X, then F, G # R[t] and we can see the
generating function Gq of q-Bernoulli numbers defined in (3) as the image
of G under the q-operator (see [2]).
Remark 4. The embedding into (C[[t]], +, V ) of [3] is different
from that of [2].
The main result of [2] is as follows.
Proposition 1. The q-operator is a C-algebra homomorphism from
(R[t], +, } ) to (C[[t]], +, V ).
3. MAIN THEOREM
To prove our theorem, we need several lemmas.
The q-operator and derivative on C[[t]] do not commute, but the
following holds.
Lemma 4.
(F $)q=(q+(q&1) Fq) V F $q .
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Proof. We can write Fq as &n=0 q
ne[n; q] t (see [1]), so we have
qF $q+(q&1) Fq V F $q=&q :

n=0
qn[n; q] e[n; q] t
+(q&1) :

n=0
qne[n; q] t V :

n=0
qn[n; q] e[n; q] t
=&q :

n=0
qn[n; q] e[n; q] t
+(q&1) :

n=0
qne[n; q] t :
n
m=0
[m; q],
where we use Lemma 1,
=& :

n=0
qnne[n; q] t,
where we use the relation:
[n+1; q]&(n+1)=q[n; q]&n,
=(F $)q . K
Remark 5. We directly proved only this lemma by using q-expansion of
Fq in et. On the other hand, the others in this paper are based on Proposi-
tion 1. We would like to deduce Lemma 4 from a trivial equation by using
Proposition 1. But there is no original equation for Lemma 4 to apply
Proposition 1.
The next lemma is a q-analogue of a trivial equation
F $=&(F+F 2). (5)
Lemma 5.
qF $q=&(Fq+Fq V .(Fq)). (6)
Proof. Apply the q-operator to both sides of (5), then we have
(F $)q=&(Fq+Fq V Fq). On the other hand, by Lemma 4, we have
&(Fq+Fq V Fq)=(q+(q&1) Fq) V F $q .
This is what we want. K
The following lemma holds consequently from Lemma 5.
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Lemma 6.
Fq=(q+(q&1) Fq) V .(Fq).
Proof. Multiply q&1 to both sides of (6), then we have
Fq=qFq+(q&1) qF $q+(q&1) Fq V .(Fq)
=q(Fq+(q&1) F $q)+(q&1) Fq V .(Fq)
=(q+(q&1) Fq) V .(Fq). K
The following is a derivative formula for the V-product.
Lemma 7. For any A and B # C[[t]] we have
(A V B)$=A$ V B+A V B$+(q&1) A$ V B$.
Proof. By Lemma 2, we have
A V B+(q&1)(A V B)$=.(A V B)
=.(A) V .(B)
=(A+(q&1) A$) V (B+(q&1) B$)
=A V B+(q&1)(A$ V B+A V B$+(q&1) A$ V B$).
Hence we have what we want. K
The following holds as an analogy of Lemma 4.
Lemma 8.
(G$)q=(q+(q&1) Fq) V G$q .
Proof. Because of G=Ft, we have G$=F $t+F. If apply the q-operator,
then we have
(G$)q=(F $)q V .(t)+Fq
=(q+(q&1) Fq) V F $q V .(t)+(q+(q&1) Fq) V .(Fq),
where we use Lemmas 5 and 6,
=(q+(q&1) Fq) V (F $q V .(t)+.(Fq)).
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On the other hand, if we apply Lemma 7 to Gq=Fq V .(t), then we have
G$q=(Fq V .(t))$
=F $q V .(t)+Fq+(q&1) F $q
=F $q V .(t)+.(Fq).
Hence we have what we want. K
Now we can state our main theorem as follows.
Theorem 1.
Gq V .(Gq)=Gq&(Gq+qG$q) V .(t). (7)
Proof. If we apply the q-operator to the trivial equation (1), then we
have
Gq V Gq=Gq&(Gq+(G$)q) V .(t)
=Gq&(Gq+qG$q) V .(t)&(q&1) Gq V G$q ,
where we use Lemma 8.
Hence we have the theorem. K
Corollary 1. If we put ; n=;n+(q&1) ;n+1 for each n0, then we
have
(;+; +(q&1) ;; )n
=;n&n(;n&1+q;n)&(q&1)(n+1)(;n+q;n+1) for n1.
Proof. By Lemma 3, for any A # C[[t]], we note that
A V .(t)=A V t+(q&1) A
=.(A) t+(q&1) A
=(A+(q&1) A$) t+(q&1) A
=At+(q&1)(A+A$t).
Now compare the coefficient of both sides of (7). K
Remark 6. ; n is the coefficient of tnn! in .(Gq). In particular we note
; 0=; 0=2(1+q).
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Remark 7. Dilcher [4, Lemma 1] generalized (1) for n1, as follows
\G+ t2+
n
=\ t2+
n
+ :
[(n&1)2]
k=0
b ( n)k F
(n&2k&1)tn, (8)
where [ ] means Gaussian symbol and [b (n)k ] is a sequence of rational
numbers defined in [4]. So if we apply the q-operator to both sides of (8),
we have
\Gq+.(t)2 +
*n
=\.(t)2 +
*n
+ :
[(n&1)2]
k=0
b (n)k (F
(n&2k&1))q V .(t)*n,
where Vn means nth power with respect to the V-product. But the general-
ization of Lemma 4 for higher-order derivative is unknown.
Remark 8. If our purpose is only to get Lemma 5 and Theorem 1, then
it is sufficient to apply Proposition 1 and Lemma 7 to F(et&1)=1 and
G(et&1)=t respectively. But it is necessary to consider the commutativity
of the q-operator and the derivative (see Lemma 4) in order to get a
q-analogue of Dilcher’s result (8), so we prove Lemma 5 and Theorem 1
by Lemma 4.
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